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We study the process of assisted work distillation. This scenario arises when two parties share a bipartite
quantum state ρAB and their task is to locally distil the optimal amount of work when one party is restricted to
thermal operations whereas the other can perform general quantum operations and they are allowed to communi-
cate classically. We demonstrate that this question is intimately related to the distillation of classical/quantum
correlations. In particular, we show that the advantage of one party performing global measurements over many
copies of ρAB is related to the non-additivity of the entanglement of formation. We also show that there may
exist work bound in the quantum correlations of the state that is only extractable under the wider class of local
Gibbs-preserving operations.
Introduction.— The recently conceived field of quantum
thermodynamics represents a drive to understand the inter-
play of the two fundamental theories of thermodynamics and
quantum mechanics. Scientists from various disciplines such
as open quantum systems [1], stochastic thermodynamics [2]
and information theory [3] are utilizing their respective tools
to answer these fundamental questions. In particular, recent
work [4, 5] has demonstrated that thermodynamics may be
understood from a resource-theoretic perspective, allowing re-
searchers to investigate thermodynamic transformations in a
quantum information setting.
In this paper, we investigate the task of assisted work dis-
tillation, see Fig. 1. Here, the process of work distillation is
intended in a resource theoretic framework to be the asymptotic
distillation of reference states with energy but no entropy by
means of thermal operations, meaning that the distillable (or
extractable) work can be quantified by how distinguishable a
quantum state is from a Gibbs equilibrium state [5] — for other
definitions of work in quantum thermodynamics see e.g. [3].
In the assisted scenario, two parties, Alice (A) and Bob (B),
share many copies of a bipartite state ρAB. Between them
their goal is to maximize the quantity of distillable work on
Bob’s subsystem. Alice may perform arbitrary quantum oper-
ations on her subsystem whereas Bob is restricted to thermal
operations on his. By utilizing correlations within ρAB and
classical communication between the parties we demonstrate
key features of Bob’s distillable work.
In particular, we characterize the set of shared states which
allow for local work distillation. We also demonstrate that
for a protocol involving one-way communication between the
parties explicit expressions for the local distillable work, which
we dub the work of assistance (in analogy with the entangle-
ment of assistance [6]), can be derived both in the regularized
and un-regularized scenarios. From these expressions we make
use of two central results from quantum information theory to
show that Alice performing global measurements over many
copies of the shared state offers an explicit advantage over
single copy measurements. We also show that this advantage
disappears when the initial state is pure.
In addition to the work of assistance we also define the
work of collaboration, defined as such to allow two-way com-
munication between the parties and local Gibbs-preserving
operations [7] on Bob’s side. We show that by allowing this
FIG. 1. We investigate distillation of work from a quantum system
B controlled by an observer, Bob, who is constrained to thermal op-
erations or Gibbs-preserving operations, and is assisted by another
party, Alice, who can perform arbitrary local operations on an ancil-
lary system A and communicate classically with Bob. The work of
assistance and the work of collaboration are defined and related to
the correlations in the state ρAB shared by Alice and Bob.
collaboration and the wider class of operations, the local distil-
lable work can increase. We also demonstrate that for an initial
pure state the work of collaboration may yield an increase in
distillable work by an amount proportional to the entropy of
Bob’s subsystem S(ρB), where ρB = TrA [ρAB].
It is important to consider the realm in which our results
apply. Within the resource theoretic framework it is typical
to consider resource inconvertibility in the asymptotic sce-
nario. This is particularly pertinent for thermodynamics due
to its equivalence to taking the thermodynamic limit, which
suppresses the appearance of fluctuations.
Resource theories of thermodynamics. — We start by ex-
plicitly defining what is meant by the resource theory of ther-
mal operations (TO). Originally introduced by [4, 5] the al-
lowed operations for a quantum system S with Hilbert space
H and Hamiltonian HS are the completely-positive trace-
preserving (CPTP) maps E : L(H) → L(H) of the form
E(ρ) = TrE
(
USE (ρS ⊗ γE )U†SE
)
, (1)
where USE is an arbitrary unitary operation, acting jointly on
the system S and a reservoir E , that commutes with the global
Hamiltonian [U,HS ⊗ 1E + 1S ⊗ HE ] = 0, and γ = Z−1e−βH
denotes the Gibbs thermal equilibrium state at inverse temper-
ature β and partition function Z . The joint unitary operations
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2and partial trace define the free operations of the resource
theory whereas the Gibbs states define the free states. By ex-
plicitly accounting for the resources used, the TO framework
provides a general setting within which to study thermody-
namic transformations, in particular the distillation of work.
In this setting, following [8] we define the distillable work
from a system B in the state ρB as the maximum number RE
such that the transformations ρ⊗nB ⊗ |0〉〈0|⊗[Rn]P → |1〉〈1|⊗[Rn]P
are possible with TO at background inverse temperature β
with asymptotically vanishing error. Here, referring to (1), we
are considering a composite system S which consists of the
principal system B with Hamiltonian HB and a qubit battery P
with Hamiltonian HP B E |1〉〈1|P , where E is a free parameter
we are allowed to optimize over. In formula,
W(ρB)B sup
{
RE : (2)
lim
n→∞ infΛ∈TO
Λ(ρ⊗nB ⊗ |0〉〈0|⊗[Rn]P )− |1〉〈1|⊗[Rn]P 1 =0}.
It follows from the main result of [5] (see appendix A in Sup-
plemental Material [9] for an explicit derivation) that the distil-
lable work defined in Eq. (2) equals the change in free energy:
W(ρB) ≡ ∆F(ρB) = 1
β
S(ρB ‖γB), (3)
with S(ρ‖γ) = Tr (ρ log ρ − ρ log γ) being the relative entropy
of athermality. Observe that S(ρ‖γ) is monotonically non-
increasing under TO.
A larger class of operations are Gibbs-Preserving (GP) opera-
tions; these are CPTP mapsΛ that admit as their fixed point the
Gibbs state at a given temperature, i.e. such that Λ(γB) = γB.
The motivation behind this alternative framework that regards
GP operations as free operations for thermodynamics, is that
any non-GP operation, Λ(γ) = σ , γ, could be used to extract
an arbitrarily large amount of work from σ⊗n as n → ∞. It
can be clearly seen from (1) that TO are a subset of GP, and
the inclusion is known to be strict [7].
Work of assistance. — In this section we consider the case
where Alice and Bob have access to the shared state ρAB
and we allow one-way classical communication from Alice
to Bob. This is similarly motivated as the recently studied
‘conditioned thermal operations’ [10]. Alice, whom operations
are unrestricted, may perform on her subsystem the positive
operator-valued measurement (POVM) {ΠA,i}, whose asso-
ciated probabilities are pi = Tr
[
ρAΠA,i
]
, whereas Bob is
restricted to TO. Alice performing her measurement and com-
municating the outcome to Bob results in him having access to
the ensemble {pi, ρ˜B,i}, where
ρ˜B,i =
1
pi
TrA
[ (
ΠA,i ⊗ 1B
)
ρAB
]
. (4)
In the scenario we consider, Alice’s goal is to help Bob to
distil as much work as possible. From this train of thoughts we
define our first quantity of interest, the work of assistance,
WB |Aa (ρAB) := max{ΠA, i }
1
β
∑
i
piS(ρ˜B,i | |γB), (5)
where the maximization is taken over the set of Alice’s mea-
surements (i.e. POVMs). Using convexity, we see that this
quantity is lower bounded by 1β S(ρB | |γB), which of course
means that being assisted by Alice is generally no worse
than having no assistance at all. Not only: as we show in
appendix B [9], all states ρAB that exhibit some form of corre-
lation, i.e. such that ρAB , ρA ⊗ ρB is not factorized, satisfy
the strict inequality WB |Aa (ρAB) > 1β S(ρB ‖γB), implying that
there is an assisted protocol that helps Bob distilling more work.
In particular, the states from which Bob can distil no work at
all even in the assisted setting are simply products of the form
ΓAB = σA ⊗ γB, from now on referred to as quantum-thermal
(QT) states, the same states have been found in the conditional
thermal operations setting [10].
In appendix C [9] we show that WB |Aa can be written as
WB |Aa (ρAB) = 1
β
(S(ρB | |γB) + J→(ρAB)) , (6)
where J→(ρAB) is the Henderson–Vedral [11] measure of clas-
sical correlations (with respect to measurements on Alice) de-
fined as J→(ρAB) B max{ΠA, i }
(
S(ρB) −∑i piS(ρ˜B,i)) . The
result in equation (6) clearly separates the quantity of work
distillable by Bob with/without the assistance of Alice. This is
in agreement with a recent result in [12].
An important question to ask is whether this quantity of
work changes if Alice is able to perform measurements over
many copies of the shared initial state ρAB. In order to answer
this question we continue by defining the regularized work of
assistance,
WB |Aa,∞ (ρAB) B lim
n→∞
1
n
WB |Aa
(
ρ⊗nAB
)
. (7)
In appendix D [9] we show that the above quantity indeed
yields the best achievable rate of work distillation in the case
where the only allowed communication is from Alice to Bob.
Although the regularization makes it hard to compute, the
r.h.s. of (7) can nonetheless be related to a quantifier known as
distillable common randomness CD , introduced in [11] as
C→D (ρAB) = limn→∞
1
n
J→
(
ρ⊗nAB
)
, (8)
and then interpreted operationally in [13]. The operational
interpretation of CD rests on protocols that extract from n
independent copies of ρAB a total of C maximally correlated
classical bits via R bits of noiseless classical communication
between Alice and Bob with vanishing error. The quantity CD
is thus defined as the maximum net gain (C − R)/n in the limit
n→∞. For a discussion from the thermodynamical point of
view, see [14].
Using the definition in equation (8) and the fact that the rela-
tive entropy is additive, we can therefore write the regularized
work of assistance as,
WB |Aa,∞ (ρAB) =
1
β
(
S(ρB | |γB) + C→D (ρAB)
)
, (9)
again clearly separating the quantity of distillable work with-
/without the assistance of Alice.
3Upon defining the regularized version of WB |Aa (ρAB) we
should ask whether giving Alice the ability to perform global
measurements over many copies of the shared state ρAB in-
creases the average work that Bob can distil. In order to answer
this question we employ two fundamental results from the field
of quantum information. On the one hand, [15, Theorem 1]
states that
E f (ρA′B) + J→(ρAB) = S(ρB), (10)
EC(ρA′B) + C→D (ρAB) = S(ρB), (11)
provided that ρA′B is the A-complement of ρAB, i.e. there
exists a pure state extension ρAA′B that satisfies TrA [ρAA′B] =
ρA′B and TrA′ [ρAA′B] = ρAB. Here, E f (ρAB) stands for the
entanglement of formation [16], while the entanglement cost
is given by EC(ρAB) = limn→∞ 1nE f (ρ⊗nAB), and quantifies the
amount of Bell states needed to form ρAB via LOCC protocols
in the asymptotic limit of many copies [17].
Substituting equations (10)–(11) into equations (6)–(9) re-
spectively allows us to write WB |Aa (ρAB) and WB |Aa,∞ (ρAB) in
terms of these entanglement measures,
WB |Aa (ρAB) = 1
β
(
S(ρB | |γB) + S(ρB) − E f (ρA′B)
)
, (12)
WB |Aa,∞ (ρAB) =
1
β
(
S(ρB | |γB) + S(ρB) − EC(ρA′B)
)
. (13)
This allows us to take advantage of another fundamental result
of quantum information, the non-additivity of E f (ρAB) [18].
Therefore, despite the additivity of the (relative) von Neumann
entropy we can state that the ability for Alice to perform global
measurements can increase the amount of work Bob can distil,
i.e. for some states ρAB it will happen that
WB |Aa (ρAB) < WB |Aa,∞ (ρAB). (14)
However, for many simple classes of states the above does not
happen. For instance, in appendix E [9] we explicitly calculate
WB |Aa for the relevant family of isotropic states in arbitrary
dimension, and show its additivity over multiple copies.
Work of collaboration . — Let us consider an arbitrary class
of operations O on a thermodynamical system. We assume that
O contains not only deterministic operations, but also so-called
quantum instruments, i.e. collections {Φi}i of completely posi-
tive maps such that
∑
i Φi is trace-preserving. Physically, the
classical label i will record the outcomes of the quantum mea-
surements that have been made throughout the process, while
TrΦi(ρ) represents the probability of the outcome i occurring
when the state ρ is processed. In a bipartite setting, we can
construct the associated set OB |Ac of collaborative operations
by concatenating in any order: (1) instruments in O on B; (2)
classical communication between Alice and Bob; (3) arbitrary
quantum operations on A. We can now define the associated
work of collaboration in analogy with Eq. (2) as
WB |Ac
(
ρAB
)
B sup
{
RE : (15)
lim
n→∞ infΛ∈OB |Ac
Λ(ρ⊗nAB ⊗ |0〉〈0|⊗[Rn]P ) − |1〉〈1|⊗[Rn]P 1 = 0},
where it is understood that the battery P pertains to Bob’s
system, and its Hamiltonian is again given by HP B E |1〉〈1|P ,
with E a free parameter.
By their very definition (1), TO are intrinsically determin-
istic. Therefore, in the collaborative setting there is no infor-
mation Bob can send to Alice if he is restricted to TO, and
the corresponding work of collaboration reduces to the regu-
larized work of assistance as given in (7). To investigate the
collaborative setting in greater detail it is thus indispensable
to expand Bob’s allowed operations to the wider class [7] of
GP operations, that satisfy Λ(γB) = γB. This less restrictive
framework crucially allows Bob to apply non-deterministic
instruments {Φi}i , which are required to satisfy Φi(γB) ∝ γB
for all i. The outcome i can then be communicated to Alice via
the classical communication channel.
From now on, we will therefore consider the work of collab-
oration (15) as defined for the collaborative set of operations
GPB |Ac corresponding to GP operations on Bob. It is clear that
QT states of the form ΓAB = σA ⊗ γB, where σA is arbitrary,
can be generated for free even in the TO framework. Further-
more, it can be shown that these are all the states for which
WB |Ac (ρAB) = 0. This suggests the following definition of the
relative entropy of collaboration,
WB |Ar (ρAB) B 1
β
min
σA
S (ρAB ‖σA ⊗ γB) , (16)
where the minimization is taken over the set QT. In ap-
pendix F [9] we explicitly demonstrate monotonicity of this
function under the set of allowed operations. We also prove in
appendix F [9] that the minimization in (16) can be explicitly
solved so as to give
WB |Ar (ρAB) = 1
β
S (ρAB ‖ρA ⊗ γB) . (17)
Simple algebraic manipulations allow us to recast this as
WB |Ar (ρAB) = 1
β
(S(ρB | |γB) + I(ρAB)) , (18)
where I(ρAB) B S(ρA) + S(ρB) − S(ρAB) is the mutual infor-
mation quantifying total correlations between Alice and Bob.
Comparing measures of assistance. — Equation (18) sug-
gests that the mutual information quantifies the amount by
which the collaboration between the parties increases Bob’s
distillable work.
In fact, we are able to demonstrate in appendix G [9] that
WB |Ar provides an upper bound on the work of collaboration.
We can also observe that since TO are a subset of GP oper-
ations, the work of collaboration is no smaller than the reg-
ularized work of assistance. This can also be deduced by
comparing (9) with (18), and using the well-known fact that
C→D (ρAB) ≤ I(ρAB) [13, 19]. Putting all together:
WB |Aa (ρAB) ≤ WB |Aa,∞ (ρAB) ≤ WB |Ac (ρAB) ≤ WB |Ar (ρAB).
(19)
Recall from (14) that there can be a strict inequality between
the two leftmost quantities in the above chain of inequalities.
4Concerning the two rightmost ones, quite interestingly, we find
that the gap WB |Ar (ρAB) −WB |Aa (ρAB) is explicitly described
by the quantum discord, a measure of the quantumness of
the correlations between Alice and Bob [11, 20]. Indeed, by
comparing equations (6) and (18), we find
WB |Ar (ρAB) −WB |Aa (ρAB) = 1
β
(I(ρAB) − J→(ρAB))
=:
1
β
D→(ρAB), (20)
where D→(ρAB) is the quantum discord, quantifying the share
of correlations lost between Alice and Bob as a consequence
of a minimally disturbing measurement on Alice’s side. This
result shows that the work of collaboration can exceed the work
of assistance by an amount bounded from above by the shared
quantum correlations, measured by the discord D→(ρAB). We
note that recent works [12, 21] has suggested a protocol for
explicitly distilling the work locked in the quantum discord,
however the operations considered lie outside those in TO.
Other interpretations for the quantum discord in thermody-
namical and related contexts have also been explored in the
literature [14, 22–24].
It is particularly instructive to analyze all the quantities
appearing in equation (19) for the relevant case where Alice
holds a purification of Bob’s state, i.e. ρAB = φAB = |φ〉〈φ|AB.
On the one hand, for a pure state φAB it is known [11, 13]
that the Henderson–Vedral measure and distillable common
randomness coincide with the local entropy of each subsystem,
i.e. J→(φAB) = C→D (φAB) = S(φB). Hence,
WB |Aa (φAB) = WB |Aa,∞ (φAB) =
1
β
(S(ρB | |γB) + S(ρB)) , (21)
implying that for an initial pure state the ability for Alice
to perform global measurements over many copies gives no
advantage in Bob distilling work. On the other hand, it is also
elementary to verify that
WB |Ar (φAB) = 1
β
(S(ρB | |γB) + 2 S(ρB)) . (22)
Therefore by comparing equations (21) and (22) it is seen that
for an initial pure state we demonstrate that relaxing the local
operations from TO to GP map might allow Bob to distil a
bound quantity of work equal to the local entropy.
Conclusion. — In this work we have fully characterized
the task of assisted work distillation in the asymptotic scenario
of quantum thermodynamics, addressing questions left open
in [14, 25]. In particular we have introduced two relevant
quantities of interest, the work of assistance and the work of
collaboration. These quantities allowed us to investigate the
possible advantage of local GP operations over TO and global
measurements on a system; in particular, how GP operations
may allow Bob to locally distil the work bound within the
quantum correlations of the initial shared state.
Although it was shown that GP operations can provide an
increase in distillable work, the explicit relationship between
the work of assistance and the work of collaboration requires
further investigation, as for the latter quantity only an upper
bound was derived here. We further stress that our results only
hold in the asymptotic limit. It would be interesting to inves-
tigate assisted work distillation in the single-shot regime, to
determine the role correlations play in work fluctuations. This
could prove useful for near-term technological applications.
The present analysis adds to the literature on assisted dis-
tillation of different quantum resources [6, 25–29]. In par-
ticular, Refs. [25, 28] studied the distillation of quantum co-
herence [30], rather than work, from Bob’s system with the
assistance of Alice. In that setting, Bob is limited to incoher-
ent operations [31] while Alice can perform arbitrary local
quantum operations, and the two parties can communicate
classically. We can draw a comparison between the two set-
tings, by noting that the additional quantity of resource that
can be distilled from Bob’s system thanks to Alice’s assistance
amounts to the entropy of Bob’s reduced state in the case of
coherence [25] and to the classical correlations shared between
Alice and Bob in the case of work [Eq. (6)]. We can further
observe how the hierarchy presented in (19) for assisted work
distillation is analogous to the one derived in [25] for assisted
coherence distillation, but the key role of quantum discord
in bounding the gap between work of assistance and work
of collaboration is only revealed in this paper by comparing
the power of different classes of local operations for Alice
(TO versus GP). It would be meaningful to revisit the assisted
coherence distillation framework by imposing additional phys-
ical constraints on Alice’s operations, e.g. by adopting strictly
incoherent operations [32] or TO, and hence exploiting the
methods developed in this paper for the characterization of
other quantum resources.
Our findings could have implications for the understanding
of the Szilard engine [33]. The latter is a simple physical model
which demonstrates how information may be exploited in or-
der to extract physical work. The relevance of this model was
then understood in the context of information processing by
Landauer [34]. Many recent works have discussed the applica-
tion of a Szilard engine in quantum thermodynamics [35–41],
deriving bounds for work extraction that are related to (18) [38–
41] in a setting where a second party, historically entitled
Maxwell’s Demon, is in possession of a state correlated to the
thermodynamic system. The converse setting, where correla-
tions can be formed from initially uncorrelated states using
thermal operations has also been studied [42].
The results presented here provide further links between the
fields of quantum information and thermodynamics. In partic-
ular, how highly studied measures of information provide us
with an insight into the thermodynamics of correlations. These
results both contribute to our knowledge of the fundamental
nature of thermodynamics but also may become essential for
the thermodynamic control of a quantum computer.
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1Assisted Work Distillation: Supplemental Material
Appendix A: Distillable work under thermal operations
Here we present an explicit proof of Eq. (3) in the main text, formalizing the connection between the distillable work under TO
and the relative entropy of athermality. In what follows, will drop the system subscript B for simplicity.
We start by recalling the main result of [5]: given an initial state ω of a system with Hamiltonian H, and a target state ω′ of a
system with Hamiltonian H ′, the asymptotically achievable rates R in a state transformation ω⊗n → (ω′)⊗[Rn] operated by TO at
background inverse temperature β with vanishing error must satisfy
S
(
ω⊗n
γ⊗n) ≥ S ((ω′)⊗[Rn](γ′)⊗[Rn]) , (A1)
where γ B Z−1e−βH and γ′ B (Z ′)−1e−βH′ are the Gibbs states of the input and output systems, respectively. In our case,
ω⊗n = ρ⊗n ⊗ |0〉〈0|⊗[Rn]P and (ω′)⊗[Rn] = |1〉〈1|⊗[Rn]P , so that
0 ≤ S
(
ρ⊗n ⊗ |0〉〈0|⊗[Rn]P
γ⊗n ⊗ γ⊗[Rn]P ) − S (|1〉〈1|⊗[Rn]P γ⊗[Rn]P )
= nS(ρ‖γ) + [Rn] S (|0〉〈0|P ‖γP) − [Rn] S (|1〉〈1|P ‖γP)
= nS(ρ‖γ) + [Rn] log
(
1 + e−βE
)
− [Rn] log
(
1 + e−βE
e−βE
)
= nS(ρ‖γ) − [Rn] βE ,
where we observed that for the qubit battery one has
γP =
1
1 + e−βE
(
1 0
0 e−βE
)
. (A2)
We deduce that
RE ≤ 1
β
S(ρ‖γ) .
Taking the supremum as dictated by Eq. (2) yields Eq. (3), as claimed.
Appendix B: Bipartite quantum thermal states
As we have seen in the main text, the assisted framework for work distillation allows Alice to perform any given POVM {ΠA,i}i .
It is natural to ask, under what conditions the assistance by Alice is a valuable resource that helps to distil more work. In this
section we show that this is indeed the case whenever the bipartite state Alice and Bob share is not a product state. In other words,
any state which cannot be created for free via the allowed operations constitutes a resource for extracting work on Bob’s side.
Proposition 1. Whenever ρAB , ρA ⊗ ρB is not factorized, we have that
WB |Aa (ρAB) > 1
β
S(ρB ‖γB) . (B1)
In other words, the assistance by Alice allows to extract more work than Bob could in the unassisted setting.
Before we present a proof of the above result, it may be useful to recall an elementary lemma.
Lemma 2. A bipartite quantum state ρAB is factorized iff for all ΠA ≥ 0 the operator TrA [ΠA ⊗ 1B ρAB] is proportional to a
fixed state σB (independent of ΠA).
2Proof. Since any operator can be written as a complex linear combination of at most four positive operators, we deduce that for
all operators NA we have that TrA [NA ⊗ 1B ρAB] = c(N)σB, where c(N) is a complex scalar. Choosing NA = |i〉〈 j |A for some
basis |i〉A of the Hilbert space on A, and then summing over i, j, one obtains
ρAB =
∑
i, j
|i〉〈 j |A ⊗ TrA [|i〉〈 j |A ⊗ 1B ρAB]
=
∑
i, j
|i〉〈 j |A ⊗ ci jσB
=
(∑
i, j
ci j |i〉〈 j |
)
A
⊗ σB ,
implying that ρAB = ρA ⊗ ρB is factorized.
We are now ready to prove the main result of this section.
Proof of Proposition 1. Upon measuring her subsystem, Alice will leave Bob in the state ρ˜B,i ∝ TrA
[
ΠA,i ⊗ 1B ρAB
]
of (4) with
probability pi = Tr
[
ρAΠA,i
]
. By Lemma 2, we know that if ρAB , ρA ⊗ ρB there are two positive operators ΠA,1,ΠA,2 ≥ 0 such
that ρ˜B,1 , ρ˜B,2. Up to rescaling them, we can make sure that ΠA,1 + ΠA,2 ≤ 1A, so that there exists a valid POVM that includes
both ΠA,1 and ΠA,2. Invoking the strict concavity of the entropy, it is then elementary to establish that
βWB |Aa (ρAB) ≥
∑
i
piS(ρ˜B,i ‖γB)
= −
∑
i
piS(ρ˜B,i) −
∑
i
pi Tr
[
ρ˜B,i log γB
]
> −S
(∑
i
pi ρ˜B,i
)
− Tr
[(∑
i
pi ρ˜B,i
)
log γB
]
= −S(ρB) − Tr [ρB log γB]
= S(ρB ‖γB) ,
which concludes the proof.
Appendix C: Work of assistance as a function of the Henderson–Vedral measure
Suppose Alice performs a general quantum operation {ΠA,i}i , causing Bob to receive a state ρ˜B,i , with the associated probabilities
Tr ρAΠA,i = pi . She can use her classical communication channel to choose a measurement so that Bob’s extractable work is
maximized,
WB |Aa (ρAB) = max{ΠA, i }
1
β
∑
i
piS
(
ρ˜B,i | |γB
)
, (C1)
= max
{ΠA, i }
(
〈E〉ρ˜B, i +
1
β
[
ln ZB −
∑
i
piS(ρ˜B,i)
])
. (C2)
The work of assistance can also be written in the following way,
WB |Aa (ρAB) = max{ΠA, i }
1
β
∑
i
piS(ρ˜B,i | |γB)
= max
{ΠA, i }
1
β
∑
i
pi Tr
[
ρ˜B,i
(
log ρ˜B,i − log γB
) ]
= max
{ΠA, i }
1
β
∑
i
pi
[−S(ρ˜B,i) − Tr ρ˜B,i log γB]
= max
{ΠA, i }
1
β
[
−
∑
i
piS(ρ˜B,i) − Tr ρB log γB
]
, (C3)
3as
∑
pi ρ˜B,i = ρB. Therefore the work of assistance refers to Alice attempting to minimize the local entropy on Bob’s side via her
measurement,
WB |Aa (ρAB) = − 1
β
[
Tr ρB log γB + min{ΠA, i }i
∑
i
piS(ρ˜B,i)
]
. (C4)
We can lower bound this value using the convexity of the quantum relative entropy
WB |Aa (ρAB) ≥ 1
β
S(ρB | |γB), (C5)
which is also additive. In order to further investigate the work of assistance we can employ a measure of classical correlations
from [11] defined as
J→(ρAB) = max{ΠA, i }i
[
S(ρB) −
∑
i
piS(ρ˜B,i)
]
, (C6)
where, like the work of assistance (C3), the maximization is taken over all the measurements {ΠA,i} applied on Alice’s subsystem.
Substituting this into (5) allows us to write the work of assistance as
WB |Aa (ρAB) = − 1
β
Tr [ρB log γB] − 1
β
S(ρB) + 1
β
J→(ρAB),
=
1
β
(S(ρB | |γB) + J→(ρAB)) . (C7)
Appendix D: The regularized work of assistance is the maximum distillable work with one-way communication
Here we argue that the regularized work of assistance WB |Aa,∞ of Eq. (7) coincides with the optimal work distillation rate when
only Alice → Bob classical communication is allowed. In this case, it makes no difference whether Bob has access to all
Gibbs-preserving operations or only to thermal ones. Therefore, our claim also implies that the work of collaboration WB |Ac of
Eq. (15) coincides with WB |Aa,∞ when the operations on Bob’s side are required to be thermal, i.e. O = TO.
Start by considering a rate R that is achievable for a fixed state ρ of AB in the sense of Eq. (15), where we assume from now on
that O = TO. This means that there is a sequence {Λn}n of operations on A : BP obtained by concatenating arbitrary quantum
instruments on Alice, classical communication Alice→ Bob, and TO on Bob’s side (which includes the battery P), such that
Λn
(
ρ⊗nAB ⊗ |0〉〈0|⊗RnP
)
= |1〉〈1|⊗[Rn]P + δn ,
where the above equation defines a sequence of “remainder terms” {δn}n that: (i) are traceless, i.e. such that Tr δn = 0; (ii) satisfy
n B ‖δn‖1 → 0 as n→∞. By definition of work of assistance, we can write
1
n
WB |Aa
(
ρ⊗nAB
) ≥ 1
nβ
S
(
|1〉〈1|⊗[Rn]P + δn
γ⊗nP )
= − 1
nβ
S
(
|1〉〈1|⊗[Rn]P + δn
)
− 1
nβ
Tr
[(
|1〉〈1|⊗[Rn]P + δn
)
log
(
γ
⊗[Rn]
P
)]
= − 1
nβ
S
(
|1〉〈1|⊗[Rn]P + δn
)
− [Rn]
nβ
log
(
e−βE
1 + e−βE
)
− 1
nβ
Tr
[
δn log
(
γ
⊗[Rn]
P
)]
≥ − 1
nβ
S
(
|1〉〈1|⊗[Rn]P + δn
)
+
[Rn]
n
E − 1
nβ
Tr
[
δn log
(
γ
⊗[Rn]
P
)]
,
(D1)
where we remembered that the Gibbs state of the qubit battery is given by Eq. (A2). Rearranging and taking the limit n→∞, we
obtain
RE = lim
n→∞
[Rn]
n
E ≤ WB |Aa,∞ (ρAB) + lim
n→∞
1
nβ
S
(
|1〉〈1|⊗[Rn]P + δn
)
+ lim
n→∞
1
nβ
Tr
[
δn log
(
γ
⊗[Rn]
P
)]
, (D2)
4provided that those limits exist. We now claim that the second and third term on the r.h.s. of Eq. (D2) vanish. Indeed, by Fannes’s
inequality [46–48] one can write
1
n
S
(
|1〉〈1|⊗[Rn]P + δn
)
≤ 1
n
(
S
(
|1〉〈1|⊗[Rn]P
)
+
1
2
n log
(
2[Rn]
)
+ h2 (n/2)
)
=
[Rn]
2n
n +
1
n
h2 (n/2)
−→
n→∞ 0 ,
(D3)
where in the last step we used the fact that limn→∞ n = 0. As for the third term on the r.h.s. of Eq. (D2), we observe that
log
(
γ
⊗[Rn]
P
)
= (log γP) ⊗ 1 ⊗ . . . ⊗ 1 + 1 ⊗ (log γP) ⊗ . . . ⊗ 1 + . . . + 1 ⊗ . . . ⊗ 1 ⊗ (log γP) ,
from which one deduces immediately that log (γ⊗[Rn]P )∞ = [Rn] ‖log γP ‖∞ .
Applying Ho¨lder’s inequality, we then obtain
1
n
Tr
[
δn log
(
γ
⊗[Rn]
P
)]
≤ 1
n
‖δn‖1
log (γ⊗[Rn]P )∞
=
[Rn]
n
n‖ log γP ‖∞
−→
n→∞ 0 ,
(D4)
where the last step is made possible by the fact that ‖ log γP ‖∞ is a constant independent of n.
We have thus established that the r.h.s. of Eq. (D2) coincides with the regularized work of assistance Wa,∞, which then upper
bounds any achievable rate in the expression for the work of collaboration corresponding to the setting where Bob can only access
TO. This concludes the proof.
Appendix E: Work of assistance for isotropic states
We now continue with an explicit example of how the work of assistance can be computed by considering the following non-trivial
family of bipartite states. The isotropic states [43] on a d × d system appear as
ρAB(λ) := λΦd + (1 − λ)d2 1AB, (E1)
whereΦd = |Φd〉〈Φd | is the maximally entangled state |Φd〉 := 1√
d
∑d
i=1 |ii〉. The isotropic state is a legitimate state (ρAB(λ) ≥ 0)
for − 1
d2−1 ≤ λ ≤ 1 and entangled for λ > 1d+1 . The choice of an isotropic state allows us to quantify the role of entanglement in
the work of assistance through the constant λ.
In this section we will attempt to determine the ensemble {pi, ρ˜B,i} of d-dimensional states obtained when Alice mea-
sures her subsystem of an isotropic state ρAB(λ) where λ is a priori fixed. We will then attempt to determine the form of this
ensemble that maximizes the distillable work on Bob’s subsystem.
Consider a POVM {ΠA,i} such that pi = TrAB[(ΠA,i ⊗ 1)ρAB(λ)] and pi ρ˜i = TrA[(ΠA,i ⊗ 1)ρAB(λ)]. The average of
this ensemble can be calculated as ∑
i
pi ρ˜i = TrA
[(∑
i
ΠA,i ⊗ 1B
)
ρAB(λ)
]
,
= TrA [ρAB(λ)] ,
=ρB(λ),
=
1B
d
∀ λ. (E2)
5The states in the ensemble appear as,
ρ˜i =
1
pi
TrA
[ (
ΠA,i ⊗ 1B
) (
λΦd +
(1 − λ)
d2
1AB
)]
,
=
1
pi
{
λ TrA
[( √
ΠA,i ⊗ 1B
)
|Φd〉〈Φd |
( √
ΠA,i ⊗ 1B
)]
+
1 − λ
d2
TrA
[ (
ΠA,i ⊗ 1B
)
1AB
]}
, (E3)
Using the identity M ⊗ 1|Ψ〉 = 1 ⊗ M† |Ψ〉, we have
ρ˜i =
1
pi
{
λ TrA
[(
1A ⊗
√
(ΠB,i)T
)
|Φd〉〈Φd |
(
1A ⊗
√
(ΠBi )T
)]
+
1 − λ
d2
Tr [Πi]1B
}
,
=
1
pi
{
λ
√
(ΠB,i)T 1Bd
√
(ΠB,i)T + 1 − λd2 Tr[Πi]1B
}
,
=
1
pi
{
λ
d
(ΠB,i)T + 1 − λd2 Tr[Πi]1B
}
. (E4)
By imposing Tr ρ˜i = 1, this yields,
1 = Tr ρ˜i,
=
1
pi
{
λ
d
TrΠi +
1 − λ
d
TrΠi
}
,
=
1
pi
TrΠi
d
. (E5)
Therefore,
pi =
TrΠi
d
(E6)
and hence,
ρ˜i = λ
(ΠB,i)T
TrΠi
+
1 − λ
d
1B . (E7)
Depending on whether our fixed variable λ is positive or negative, as ΠB,i ≥ 0 we can write the following,
ρ˜i
{ ≥ 1−λd 1B for λ ≥ 0
< 1−λd 1B for λ < 0
. (E8)
Which means we can write the ensembles states as
ρ˜i =
1 − λ
d
1 ± δi, δi ≥ 0 ∀ i. (E9)
From this ensemble we will attempt to find a POVM on A that generates it. We start from the fact that the average of this ensemble
is the maximally mixed state,
1
d
=
∑
i
pi ρ˜i,
=
∑
i
pi
(
1 − λ
d
1 ± δi
)
,
=
1 − λ
d
1 ±
∑
i
piδi . (E10)
From this we can construct our set of POVM operators
±
∑
i
piδi =λ
1
d
,
=⇒ ±
∑
i
d
λ
piδi =1, (E11)
6implying that the above operators form a valid POVM if they have the form Πi := ± dλ piδi .
This POVM can be checked with our current ensemble,{
pi =
TrΠi
d
, ρ˜i = λ
(Πi)T
TrΠi
+
1 − λ
d
1
}
i
, (E12)
in our case,
pi =
TrΠi
d
= ± 1
d
Tr
d
λ
piδi = ±pi Tr δi
λ
,
=pi
Tr
[
ρ˜i − 1−λd 1
]
λ
= pi
1 − (1 − λ)
λ
,
=pi, (E13)
and
ρ˜i =λ
(Πi)T
TrΠi
+
1 − λ
d
1 = λ
± dλ piδi
± dλ pi Tr δi
+
1 − λ
d
1,
=λ
±δi
±Tr δi +
1 − λ
d
1 = λ
ρ˜i − 1−λd 1
λ
+
1 − λ
d
1,
=ρ˜i − 1 − λd 1 +
1 − λ
d
1,
=ρ˜i . (E14)
confirming our choice of POVM.
In order to use this conceived ensemble in the work of assistance (5) it must minimize the entropy. In order for a
mixed state to minimize its entropy it must concentrate its spectrum on a single eigenvalue, making it as pure as possible. The
conditions on these states (E7) and probabilities (E6) are that their average is the maximally mixed state and that equation (E8) is
satisfied for positive or negative fixed values of λ.
An ensemble for which all the above holds is the following,{
pi =
1
d
, ρ˜i =
1 − λ
d
1 + λ |i〉〈i | ∀ i
}
i
. (E15)
which, using λ + 1−λd = 1 − (d − 1) 1−λd , allows us to write down the work of assistance for this family of states,
WB |Aa (ρAB(λ)) = − 1
β

Tr
1
d
log γB + H
©­­­­«
d−1︷              ︸︸              ︷
1 − λ
d
, ...,
1 − λ
d
, 1 − (d − 1)1 − λ
d
ª®®®®®¬

, (E16)
where H(p1, ..., pd) = −∑i pi log pi is the Shannon entropy.
It is known [44] [45, p. 448] that the Henderson-Vedral measure J→ and hence the work of assistance (6) is additive over the
family of isotropic states.
Appendix F: Monotonicity and rewriting of WB |Ar (ρAB)
We start with the following definition,
WB |Ar (ρAB) = 1
β
min
ΓAB ∈QT
S(ρAB | |ΓAB), (F1)
7where the minimization is taken over the set QT .
As the thermal state γB appearing within the QT state ΓAB = σA ⊗ γB is fixed, the minimization should be taken over Alice’s
state σA,
WB |Ar (ρAB) = 1
β
min
σA
S(ρAB | |σA ⊗ γB)
=
1
β
min
σA
{−Tr ρAB(logσA + log γB) − S(ρAB)}
=
1
β
(
−
(
max
σA
Tr ρA logσA
)
− Tr ρB log γB − S(ρAB)
)
. (F2)
Now using the following, S(ρA) = −maxσA Tr ρA logσA, as minσA S(ρA | |σA) = 0, in (F2), we get
WB |Ar (ρAB) = 1
β
(−S(ρAB) + S(ρA) − Tr ρB log γB)
=
1
β
S(ρAB | |ρA ⊗ γB). (F3)
If we take the bipartite quantum state Λ(ρAB) = ρ˜A′B where Λ are the set of allowed operations, we can write,
WB |Ar (ρ˜A′B) = 1
β
inf
σ˜A′
S (ρ˜A′B | |σ˜A′ ⊗ γB)
≤ 1
β
S (ρ˜A′B | |ρA ⊗ γB)
≤ 1
β
S (ρAB | |ρA ⊗ γB)
=WB |Ar (ρAB) , (F4)
where Λ (ρA ⊗ γB) = σ˜A′ ⊗ γB, demonstrating the monotonicity of WB |Ar (ρAB) under the set of allowed operations. Also due to
the additivity property of relative entropy, WB |Ar (ρAB) is also additive.
We also note that WB |Ar (ρAB) can be expressed in relation to the quantum mutual information,
WB |Ar (ρAB) = 1
β
(−Tr ρAB log(ρA ⊗ γB) − S(ρAB))
=
1
β
(
−Tr ρA log(ρA) − Tr ρB log(γB) − S(ρAB)
)
=
1
β
(
S(ρA | |ρA) + S(ρB | |γB) + I(ρAB)
)
,
=
1
β
(S(ρB | |γB) + I(ρAB)) . (F5)
which is a measure of the shared total correlations between the two parties.
Appendix G: Upper bound on the work of collaboration
In this section we will prove that the work of collaboration is upper bounded by WB |Ar (ρAB),
WB |Ar (ρAB) ≥ WB |Ac (ρAB). (G1)
This proof will follow analogously to [25, 49]. Let R be an achievable rate for Eq. (15), so that there exists a sequence of protocols
Λn ∈ OB |Ac with the property that Λn
(
ρ⊗n
AB
⊗ |0〉〈0|⊗[Rn]P
)
= |1〉〈1|⊗[Rn]P + δn, where limn→∞ ‖δn‖1 = 0. Using the monotonicity
8of WB |Ar together with its additivity, and repeating the steps in Eq. (D1), we obtain that
WB |Ar (ρAB) = 1nW
B |A
r
(
ρ⊗nAB ⊗ |0〉〈0|⊗[Rn]P
)
≥ 1
n
WB |Ar
(
|1〉〈1|⊗[Rn]P + δn
)
=
1
βn
S
(
|1〉〈1|⊗[Rn]P + δn
γ⊗[Rn]P )
≥ − 1
βn
S
(
|1〉〈1|⊗[Rn]P + δn
)
+
[Rn]
n
E − 1
nβ
Tr
[
δn log
(
γ
⊗[Rn]
P
)]
.
Note that the equality in the third line holds because the battery P is on Bob’s side. Employing the already established Eq. (D3)
and (D4), we arrive at the bound RE ≤ WB |Ar (ρAB), concluding the proof.
